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Abstract
We prove that any II1 factor L∞(X)  Γ arising from a compact, free, ergodic, probability measure
preserving action of a countable group Γ with positive first 2-Betti number, β(2)1 (Γ ) > 0, has a unique
group measure space Cartan subalgebra, up to unitary conjugacy.
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1. Introduction
The group measure space construction of Murray and von Neumann associates to every
probability measure preserving (p.m.p.) action Γ  (X,μ) of a countable group Γ , a finite
von Neumann algebra M = L∞(X)Γ [15]. If the action is (essentially) free and ergodic, then
M is a II1 factor and A = L∞(X) is a Cartan subalgebra, i.e. a maximal abelian von Neumann
subalgebra whose normalizer, NM(A) = {u ∈ U(M) | uAu∗ = A}, generates M , as a von Neu-
mann algebra.
During the last decade, S. Popa’s deformation/rigidity theory has led to spectacular progress
in the classification of group measure space II1 factors (see the surveys [26,33]). In particular,
several large families of group measure space II1 factors L∞(X)Γ have been shown to have a
unique Cartan subalgebra [18,19,2,3,29,30] or a unique group measure space Cartan subalgebra
* Fax: +1 858 534 5273.
E-mail address: aioana@ucsd.edu.0022-1236/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2012.03.004
4526 A. Ioana / Journal of Functional Analysis 262 (2012) 4525–4533[21,28,12,7,14,1,11,34,13]. Such “unique Cartan subalgebra” results are extremely useful be-
cause they enable one to reduce the classification of the factors L∞(X)Γ , up to isomorphism,
to the classification of the corresponding actions, up to orbit equivalence. Indeed, by [32,6], two
free, ergodic actions Γ X and Λ Y are orbit equivalent if and only if there exists an isomor-
phism of group measure space factors L∞(X) Γ ∼= L∞(Y )Λ which identifies the Cartan
subalgebras L∞(X) and L∞(Y ). Recall that the actions Γ X and Λ Y are orbit equivalent
if there exists an isomorphism of probability spaces θ : X → Y such that θ(Γ · x) = Λ · θ(x),
almost everywhere; for recent progress on orbit equivalence, see the surveys [8,10].
In their breakthrough work [18], N. Ozawa and S. Popa proved that II1 factors L∞(X) Γ
associated with free, ergodic, compact actions of free groups Γ = Fn and their direct products
Γ = Fn1 × · · · × Fnk have a unique Cartan subalgebra, up to unitary conjugacy. Their proof
makes crucial use of the fact that free groups satisfy a strong form of weak amenability, called
the complete metric approximation property (c.m.a.p.). Subsequently, the results of [18] have
been extended to other classes of groups Γ : lattices in products of SO(n,1) and SU(n,1) [19],
groups having positive first 2-Betti number and the c.m.a.p. [5,31], hyperbolic groups [2] and
direct products of hyperbolic groups [3] (the last two results notably using [16] and [17]). Note,
however, that in all these cases one requires that both the action Γ X is compact and, implic-
itly, that the group Γ is weakly amenable.
In a very recent breakthrough, S. Popa and S. Vaes obtained wide-ranging unique Cartan
subalgebra results by removing the compactness assumption on the action. More precisely, they
showed that if Γ is either a weakly amenable group with β(2)1 (Γ ) > 0 [29] or a hyperbolic group
[30] (or a direct product of groups in one of these two classes), then II1 factors L∞(X)  Γ
associated with arbitrary free, ergodic actions of Γ have a unique Cartan subalgebra, up to
unitary conjugacy.
The main result of [18] shows in particular that any II1 factor arising from a free, ergodic,
compact action of a free group Fn has a unique group measure space Cartan subalgebra. The
original motivation for our paper was to give a proof of this result which does not rely on the
weak amenability of Fn. By combining our recent work [13] with techniques from [18] and [1],
we were able to not only prove this, but to show the following:
Theorem 1.1. Let Γ  (X,μ) be a free, ergodic, compact, p.m.p. action of a countable group Γ
with β(2)1 (Γ ) > 0.
Then the II1 factor M = L∞(X) Γ has a unique group measure space Cartan subalgebra,
up to unitary conjugacy. More precisely, if M = L∞(Y )Λ, for any free, ergodic, p.m.p. action
Λ (Y, ν), then we can find a unitary u ∈ M such that uL∞(X)u∗ = L∞(Y ).
Recall that a p.m.p. action Γ  (X,μ) is called compact if we can decompose L2(X) =⊕
nHn, where {Hn}n is a sequence of Γ -invariant, finite dimensional subspaces of L2(X). For
instance, if G is a compact group containing a dense copy of Γ and mG denotes the Haar measure
of G, then the left multiplication action Γ  (G,mG) is a free, ergodic, p.m.p. compact action.
The condition β(2)1 (Γ ) > 0 is equivalent to Γ being non-amenable and having an unbounded
cocycle into its regular representation λ : Γ → U(2Γ ) [22], and is satisfied by any free product
group Γ = Γ1 ∗ Γ2 with |Γ1| 2 and |Γ2| 3.
Note that in the case Γ does not have Haagerup’s property, Theorem 1.1 is a consequence of
the main result of [21].
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p.m.p. actions of groups Γ with β(2)1 (Γ ) > 0 have a unique Cartan subalgebra. Recently, there
has been some progress on the “group measure space” version of the conjecture. Firstly, it has
been shown in [28] that if Γ = Γ1 ∗Γ2, where Γ1 is an infinite property (T) group and Γ2 is a non-
trivial group, then M has a unique group measure space Cartan subalgebra. More generally, the
same has been proven in [1] (see also [34]) under the assumption that Γ admits a non-amenable
subgroup with the relative property (T). Lastly, we proved in [13] that M also has a unique group
measure space Cartan subalgebra if the action Γ  (X,μ) is rigid.
As mentioned above, this conjecture has been very recently established in full generality for
arbitrary actions of weakly amenable groups Γ with β(2)1 (Γ ) > 0 [29].
Theorem 1.1 provides further positive evidence towards this conjecture. It implies that any
residually finite group Γ satisfying β(2)1 (Γ ) > 0 admits at least one action whose II1 factor has
a unique group measure space decomposition. Indeed, if {Γn}n is a descending chain of normal,
finite index subgroups of Γ with trivial intersection, then the left multiplication action Γ 
(G,mG) on the profinite completion G = lim←−Γ/Γn is a free, ergodic, compact p.m.p. action.
To outline the proof of Theorem 1.1, denote A = L∞(X) and M = A Γ . Consider another
group measure space decomposition M = B  Λ and let 	 : M → M ⊗M be the associated
comultiplication [28] (as the referee pointed out, 	 is usually called the dual coaction). In the
first part of the proof, we show that a corner of 	(A) embeds into M ⊗A, in the sense of [24].
To achieve this, we combine the fact that the action 	(Γ )	(A) is compact (hence, a fortiori,
weakly compact) with a result from [18] relating weak compactness of actions to uniform conver-
gence of deformations, and results of [1] on malleable deformations coming from cocycles into
the regular representation (see Section 4). In the second part of the proof, we use techniques from
[13] to conclude that if Γ has positive first 2-Betti number, then the condition 	(A) ≺ M ⊗A
automatically implies that A and B are conjugate (see Section 3).
2. Preliminaries
Throughout the paper we work with tracial von Neumann algebras (M, τ), i.e. von Neumann
algebras M endowed with a faithful normal tracial state τ , and assume that all von Neumann
algebras have separable predual.
2.1. Intertwining-by-bimodules
We first recall from [24, Theorem 2.1 and Corollary 2.3] S. Popa’s powerful intertwining-by-
bimodules technique.
Theorem 2.1. (See [24].) Let (M, τ) be a tracial von Neumann algebra and P,Q ⊂ M be
von Neumann subalgebras. Then the following are equivalent:
• There exist non-zero projections p ∈ P,q ∈ Q, a ∗-homomorphism φ : pPp → qQq and a
non-zero partial isometry v ∈ qMp such that φ(x)v = vx, for all x ∈ pPp.
• There is no sequence un ∈ U(P ) satisfying ‖EQ(xuny)‖2 → 0, for all x, y ∈ M .
If one of these conditions holds true, then we say that a corner of P embeds into Q inside M
and write P ≺M Q.
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Let (M, τ) be a tracial von Neumann algebra. Recall that M is said to be amenable if we
can find a net ξn ∈ L2(M)⊗L2(M) such that 〈xξn, ξn〉 → τ(x) and ‖[x, ξn]‖2 → 0, for every
x ∈ M. By A. Connes’ celebrated theorem [4] this is equivalent to M being approximately finite
dimensional.
Now, let Q ⊂ M be a von Neumann subalgebra. Jones’ basic construction 〈M,eQ〉 is defined
as the von Neumann subalgebra of B(L2(M)) generated by M and the orthogonal projection eQ
from L2(M) onto L2(Q). Recall that 〈M,eQ〉 is equipped with a faithful semi-finite trace given
by Tr(xeQy) = τ(xy) for all x, y ∈ M . We denote by L2(〈M,eQ〉) the associated Hilbert space
and endow it with the natural M-bimodule structure.
Following [18, Definition 2.2] we say that a (not necessarily unital) von Neumann subalgebra
P ⊂ M is amenable relative to Q inside M if there exists a net ξn ∈ L2(〈M,eQ〉) such that
〈xξn, ξn〉 → τ(x), for every x ∈ M , and ‖[y, ξn]‖2 → 0, for every y ∈ P .
Lemma 2.2. (See [14].) Let (B, τ) be a tracial von Neumann algebra and Λ  (B, τ) be a
trace preserving action. Denote M = B Λ. Define the ∗-homomorphism 	 : M → M ⊗M by
letting 	(b) = b ⊗ 1, for all b ∈ B , and 	(vs) = vs ⊗ vs , for every s ∈ Λ. Let P,Q ⊂ M be
von Neumann subalgebras such that P has no amenable direct summand and Q is amenable.
Then there is no non-zero projection p ∈ 	(P )′ ∩M ⊗M such that the von Neumann algebra
	(P )p is amenable relative to M ⊗Q.
Proof. Since B and Q are amenable, the M–M ⊗M-bimodule 	(M)L2(〈M ⊗M,eM ⊗Q〉)M ⊗M
is weakly contained in the coarse M–M ⊗M-bimodule, L2(M)⊗L2(M ⊗M). Repeating the
proof of [14, Proposition 7.2.4] now gives the conclusion. 
2.3. Weakly compact actions
We next recall N. Ozawa and S. Popa’s notion of weakly compact actions. Let (P, τ ) be a tra-
cial von Neumann algebra and denote by P¯ = {x¯ | x ∈ P } the complex conjugate von Neumann
algebra.
Definition 2.3. (See [18, Definition 3.1].) A trace preserving action Γ σ (P, τ) is weakly com-
pact if we can find a net of unit vectors ηn ∈ L2(P ⊗ P¯ )+ such that
• ‖ηn − (v ⊗ v¯)ηn‖2 → 0, for every v ∈ U(P ).
• ‖ηn − (σg ⊗ σ¯g)(ηn)‖2 → 0, for every g ∈ Γ .
• 〈(x ⊗ 1)ηn, ηn〉 = τ(x) = 〈ηn, (1 ⊗ x¯)ηn〉, for every x ∈ P and every n.
Note that these conditions force P to be amenable. On the other hand, by [18, Proposition 3.2],
if P is amenable and Γ σ P is a compact action (i.e. if L2(P ) is the direct sum of finite di-
mensional σ(Γ )-invariant subspaces) then σ is weakly compact.
N. Ozawa and S. Popa showed in [18, Theorem 4.9] that weakly compact actions can be used
to deduce relative amenability. An obvious modification of their proof (in the case p = 1) gives
the following:
A. Ioana / Journal of Functional Analysis 262 (2012) 4525–4533 4529Theorem 2.4. (See [18, Theorem 4.9].) Let (M, τ) be a tracial von Neumann algebra and
Q1, . . . ,Qk ⊂ M be von Neumann subalgebras. Assume that there are a tracial von Neumann
algebra M˜ ⊃ M and automorphisms {αt }t∈R of M˜ such that
• limt→0 ‖αt (x)− x‖2 = 0, for all x ∈ M , and
• L2(M˜)  L2(M) is isomorphic as an M-bimodule to a sub-bimodule of a multiple of⊕k
j=1 L2(〈M,eQj 〉).
Let P ⊂ M be a von Neumann subalgebra and define ct := infv∈U(P ) ‖EM(αt (v))‖2, for
t ∈R. Let G ⊂ NM(P ) be a subgroup which acts weakly compactly on P by conjugation and
denote N = G′′.
Then either ct → 1, as t → 0, or there exist j ∈ {1, . . . , k} and a non-zero projection pj ∈
N ′ ∩M such that Npj is amenable relative to Qj .
2.4. Deformations coming from group cocycles
Let Γ  (A, τ) be a trace preserving action and set M = A Γ . Let π : Γ →O(HR) be an
orthogonal representation, where HR is a separable real Hilbert space. Also, let b : Γ → HR be
a cocycle, i.e. a map satisfying the identity b(gh) = b(g)+ π(g)b(h), for all g,h ∈ Γ .
From this data, T. Sinclair constructed a malleable deformation in the sense of S. Popa, i.e. a
tracial von Neumann algebra M˜ ⊃ M and a 1-parameter group of automorphisms {αt }t∈R of M˜
such that ‖αt (x)− x‖2 → 0, for all x ∈ M˜ (see [31, Section 3] and [34, Section 3.1]).
To recall this construction, let (D, τ0) be the unique tracial von Neumann generated by unitary
elements ω(ξ), ξ ∈ HR, subject to the relations ω(ξ + η) = ω(ξ)ω(η), ω(ξ)∗ = ω(−ξ) and
τ0(ω(ξ)) = exp(−‖ξ‖2), for all ξ, η ∈ HR. Consider the Gaussian action Γ σ D which on the
generating functions ω(ξ) is given by σg(ω(ξ)) = ω(π(g)(ξ)). Finally, let Γ  D⊗A be the







)⊗ 1)ug, for all g ∈ Γ, and αt (x) = x, for all x ∈ D⊗A
gives the desired 1-parameter group of automorphisms {αt }t∈R of M˜ .
Moreover, the formula β(ω(ξ)) = ω(−ξ), for all ξ ∈ HR, and β(x) = x, for all x ∈ M , defines
an automorphism of M˜ which satisfies β2 = id and β ◦ αt = α−t ◦ β , for all t ∈R. As shown in
[27, Lemma 2.1] the existence of such a β implies a “transversality” property for αt :









Next we record a direct consequence of S. Popa’s spectral gap principle [25, Lemma 1.5].
Lemma 2.6. (See [25].) Assume that π is weakly contained in the regular representation of Γ .
Let B ⊂ M be a von Neumann subalgebra with no amenable direct summand.
Then αt → id in ‖.‖2 uniformly on (B ′ ∩ M)1 (the unit ball of the relative commutant of B
in M).
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Now, let B ⊂ M be a von Neumann subalgebra. J. Peterson [20, Theorem 4.5] and I. Chifan
and J. Peterson [1, Theorem 2.5] proved that if αt → id uniformly on (B)1 and B ⊀M A then
αt → id uniformly on NM(B).
Theorem 2.7. (See [20,1].) Assume that π is mixing. Let B ⊂ M be a von Neumann subalgebra.
Suppose that αt → id in ‖.‖2 uniformly on (B)1 and that B ⊀M A. Denote P =NM(B)′′.
Then αt → id in ‖.‖2 uniformly on (P )1.
Conversely, I. Chifan and J. Peterson proved in [1, Theorem 3.2] that if B is abelian and
αt → id uniformly on a “large” sequence un ∈NM(B), then αt → id uniformly on (B)1.
Theorem 2.8. (See [1].) Assume that π is mixing. Let B ⊂ M be an abelian von Neumann
subalgebra. Assume that we can find a sequence un ∈NM(B) such that
• αt → id in ‖.‖2 uniformly on {un}n1 and
• ‖EA(xuny)‖2 → 0, for all x, y ∈ M .
Then αt → id in ‖.‖2 uniformly on (B)1.
Theorems 2.7 and 2.8 have been proven in [20] and [1] using J. Peterson’s technique of
unbounded derivations [20]. For proofs using the automorphisms {αt }t∈R, see S. Vaes’s paper
[34, Theorems 3.9 and 4.1].
3. Conjugacy of group measure space Cartan subalgebras
In this section we assemble together the main technical results of [13] to prove a new con-
jugacy criterion for group measure space Cartan subalgebras of II1 factors L∞(X) Γ arising
from actions of groups with positive first 2-Betti number.
Theorem 3.1. Let Γ be a countable group satisfying β(2)1 (Γ ) > 0. Let Γ  (X,μ) be a free
ergodic p.m.p. action and set M = L∞(X)Γ . Assume that M = L∞(Y )Λ for a free ergodic
p.m.p. action Λ (Y, ν). Let 	 : M → M ⊗M be the ∗-homomorphism given by 	(b) = b⊗1,
for all b ∈ L∞(Y ), and 	(vs) = vs ⊗ vs , for all s ∈ Λ, where {vs}s∈Λ ⊂ M denote the canonical
unitaries.
If 	(L∞(X)) ≺M ⊗M M ⊗L∞(X), then L∞(X) and L∞(Y ) are unitarily conjugate.
Proof. Denote A = L∞(X) and B = L∞(Y ). Since β(2)1 (Γ ) > 0, by [13, Theorem 4.2], in order
to get the conclusion, it suffices to find an amenable subgroup Λ0 <Λ such that A ≺M B Λ0.
Let us assume by contradiction that this is false.
Since 	(A) ≺ M ⊗A, the second condition in Theorem 2.1 holds true. Thus, we can find
a finite set F ⊂ (M ⊗M)1 and δ > 0 such that ∑x∈F ‖EM ⊗A(	(a)x)‖22  2δ, for every a ∈U(A). Note that M ⊗M = (M ⊗A) Γ , where Γ acts trivially on M . Thus, by Kaplansky’s





2  2δ, ∀a ∈ U(A). (3.1)g∈F
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Claim. Let s1, . . . , sm, t1, . . . , tm ∈ Λ and Λ1, . . . ,Λm < Λ be amenable subgroups. Put S =⋃m
i=1 siΛiti . Then there exists s ∈ Λ \ S such that f (s) δ.
Proof. Since Λi is amenable, by our assumption we have that A ⊀M B  Λi , for all i ∈
{1, . . . ,m}. It follows from S. Popa’s intertwining-by-bimodules technique (see Theorem 2.1











|F | . (3.2)
If we write a =∑s∈Λ bsvs , where bs ∈ B , then (3.2) implies that
∑
s∈S ‖bs‖22  δ|F | . On the
other hand, since EM ⊗A(	(a)(1 ⊗ ug)) =
∑
s∈Λ bsvs ⊗ EA(vsug), for every g ∈ Γ , (3.1) can
be rewritten as
∑
s∈Λ f (s)‖bs‖22  2δ. Since f (s)  |F |, for all s ∈ Λ, combining the last two
inequalities yields that
∑
s∈Λ\S f (s)‖bs‖22  δ. Finally, since
∑
s∈Λ\S ‖bs‖22  ‖a‖22 = 1, the
claim follows. 
The claim shows that the conclusion of [13, Lemma 3.2] holds true. The second part of
the proof of [13, Theorem 3.1], which only uses the conclusion of [13, Lemma 3.2], pro-
vides a decreasing sequence {Λk}k1 of non-amenable subgroups of Λ such that A ≺M B 
(
⋃
k1 C(Λk)), where C(Λk) denotes the centralizer of Λk in Λ.
Since β(2)1 (Γ ) > 0, there is an unbounded cocycle b : Γ → 2RΓ for the regular represen-
tation [22]. Let M˜ ⊃ M and {αt }t∈R ⊂ Aut(M˜) be the malleable deformation constructed in
Section 2.4.
Now, the group ∪k1C(Λk) must be non-amenable by our assumption. Thus, C(Λk) is non-
amenable for some k  1 and therefore its von Neumann algebra, L(C(Λk)), has no amenable
direct summand. Lemma 2.6 implies that αt → id in ‖.‖2 uniformly on (L(Λk))1.
Since Λk is non-amenable and A is abelian, we have that L(Λk)⊀M A. By [24, Corollary 2.3]
we can find a sequence sn ∈ Λk such that ‖EA(xvsny)‖2 → 0, for all x, y ∈ M . Because vsn ∈
NM(B) and αt → id in ‖.‖2 uniformly on {vsn}n1, applying Theorem 2.8 gives that αt → id
in ‖.‖2 uniformly on (B)1.
Finally, if B ≺M A, then by [23, Theorem A.1] we get that A and B are conjugate. Oth-
erwise, if B ⊀M A, then Theorem 2.7 implies that αt → id in ‖.‖2 uniformly on (M)1.
In particular, we can find t > 0 such that τ(αt (ug)u∗g)  exp(− 14 ), for all g ∈ Γ . Since
τ(αt (ug)ug) = exp(−t2‖b(g)‖2) we derive that ‖b(g)‖  12t for all g ∈ Γ . This shows that b
is bounded, a contradiction. 
4. Proof of Theorem 1.1
Let Γ  (X,μ) be a free ergodic p.m.p. compact action. Denote A = L∞(X) and M =
AΓ . Assume that Γ has positive first 2-Betti number and let b : Γ → 2
R
Γ be an unbounded
cocycle into the regular representation of Γ [22].
Let Λ (Y, ν) be a free ergodic p.m.p. action such that M = BΛ, where B = L∞(Y ). Let
{vs}s∈Λ ⊂ M be the canonical unitaries. Let 	 : M → M ⊗M be the ∗-homomorphism given by
	(b) = b ⊗ 1 for b ∈ B and 	(vs) = vs ⊗ vs for s ∈ Λ.
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M = M ⊗M then by Theorem 3.1 it suffices to prove that 	(A) ≺M A. Assume this to be
false.
Towards a contradiction, let M˜ ⊃ M and {αt }t∈R ⊂ Aut(M˜) be the malleable deformation
defined in Section 2.4. Let M˜= M ⊗ M˜ and denote by α˜t the automorphism id ⊗ αt of M˜ for
every t ∈ R. Note that M˜ ⊃M and {α˜t }t∈R ⊂ Aut(M˜) is precisely the malleable deformation
associated to the cocycle b and the obvious crossed product decomposition M=A Γ .
Since b is a cocycle for the regular representation, it is easy to see that the M-bimodule
L2(M˜)L2(M) is isomorphic to⊕∞i=1 L2(〈M, eA〉) (see [34, Lemma 3.5]). Since the action
Γ A is compact, the action 	(Γ )	(A) is compact and thus weakly compact. By applying
Theorem 2.4 to P = 	(A) and N = 	(M) we deduce that either (1) 	(M)p is amenable relative
to A for some non-zero projection p ∈ 	(M)′ ∩M or (2) infv∈U(	(A)) ‖EM(α˜t (v))‖2 → 1 as
t → 0.
Since M has no amenable direct summand, the first case is ruled out by Lemma 2.2.
In the second case, we get that supv∈U(	(A)) ‖α˜t (v) − EM(α˜t (v))‖2 → 0 as t → 0. By
Lemma 2.5 we deduce that α˜t → id in ‖.‖2 uniformly on (	(A))1. Since 	(A) ⊀M A by
assumption and the von Neumann algebra generated by the normalizer of 	(A) in M contains
	(M), Theorem 2.7 gives that α˜t → id in ‖.‖2 uniformly on (	(M))1.
Since α˜t (	(vs)) = vs ⊗ αt (vs) for s ∈ Λ we derive that αt → id in ‖.‖2 uniformly on
{vs}s∈Λ. Since Λ is non-amenable and A is abelian we can find a sequence {sn}n1 satisfying
‖EA(xvsny)‖2 → 0 for all x, y ∈ M . Continuing exactly as at the end of the proof of Theorem 3.1
provides the desired contradiction. 
Remark 4.1. It is easy to adapt the proof of the main result to show that if t > 0 and Mt =
L∞(Y )Λ, for some free ergodic p.m.p. action Λ (Y, ν), then L∞(Y ) is unitarily conjugate
to L∞(X)t . It follows from D. Gaboriau’s work on 2-Betti numbers for equivalence relations
[9] that M has trivial fundamental group, F(M) = {1}.
Remark 4.2. Let Zp be the ring of p-adic integers, for some prime p. Consider the profinite ac-
tion Γ := Z2SL2(Z) lim←−Z2p and denote by M the associated II1 factor. By [19, Corollary D]
and [28, Section 5.5], M has two non-conjugate group measure space Cartan subalgebras,
L∞(lim←−Z
2
p) and L(Z2). This shows that the assumption that β
(2)
1 (Γ ) > 0 from the hypothesis of
our main result cannot be replaced by the assumption that Γ is merely non-amenable.
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